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Abstract The new combined formulas have been established for the complex and
real rotation-angular functions arising in the evaluation of two-center overlap integrals
over arbitrary atomic orbitals in molecular coordinate system. These formulas can be
useful in the study of different quantum mechanical problems in both the theory and
practice of calculations dealing with atoms, molecules, nuclei and solids when the
integer and noninteger n complex and real atomic orbitals basis sets are emploed. This
work presented the development of our previous paper (I.I. Guseinov in Phys Rev A
32:1864, 1985).
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1 Introduction

In a previous paper [1], the independent formulas have been derived for the rotation-
angular functions (RAF) of overlap integrals in terms of complex Ylm and real Slm

spherical hormonics (SH), respectively. The aim of this work is to establish the com-
bined relations for these funstions which are especially useful for the calculation of
two-center overlap integrals over arbitrary atomic orbitals (AO) with respect to the
molecular coordinate system.
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2 Definition

The two-center overlap integrals over arbitrary complex and real normalized AO are
defined as

Sc
nlm, n′l ′m′( �p, t) =

∫
φ∗

nlm(ζ, �ra)φn′l ′m′(ζ ′, �rb)dv (1)

SR
nlm, n′l ′m′( �p, t) =

∫
χ∗

nlm(ζ, �ra)χn′l ′m′(ζ ′, �rb)dv, (2)

where �p = 1
2 (ζ + ζ ′) �Rab, t = ζ−ζ ′

ζ+ζ ′ and

φnlm(ζ, �r) = Rnl(ζ, r)Ylm(θ, ϕ) (3)

χnlm(ζ, �r) = Rnl(ζ, r)Slm(θ, ϕ). (4)

Here, the complex and real SH are determined by

Ylm (θ, ϕ) = Pl|m| (cos θ)
1√
2π

eimϕ (5)

Slm (θ, ϕ) = Pl|m| (cos θ)
1

[π (1 + δm0)]
1
2

{
cos |m|ϕ for m ≥ 0
sin |m| ϕ for m < 0,

(6)

wherePl|m| (cos θ) are the normalized associated Legendre functions.
We notice that our definition of phases for complex SH differs from the Conden-

Shortley phases
(
Y ∗

lm
= (−1)mYl−m

)
[2] by the sign factor

(
Y ∗

lm
= Yl−m

)
[3].

3 Expressions for RAF in terms of SH

In order to establish the combined formulas for RAF, we use the following relationships
between complex and real SH:

Slm = (−i)δm,−|m|

[2 (1 + δm0)]
1
2

(
Yl|m| + εmYl−|m|

)
(7)

Ylm = 1

(2 − δm0)
1
2

(
Sl|m| + iηm Sl−|m|

)
, (8)

where

εm =
{+1 for m ≥ 0

−1 for m < 0
(9)

ηm =
{

m/|m| for m �= 0
0 for m = 0.

(10)
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Now we use the method set out in [1]. Then, we obtain the following combined
relation for the overlap integral of complex and real AO:

SC,R
nlm, n′l ′m′( �p, t) =

min(l,l ′)∑
λ=0

T λ
lm,l ′m′(θ, φ)SC,R

nlλ, n′l ′λ(p, t), (11)

where SC
nlλ,n′l ′λ(p, t) = SR

nlλ,n′l ′λ(p, t) are the two-center overlap integrals with
respect to lined-up coordinate systems. For the calculation of these integrals, the
efficient computer programs in the case of Slater type orbitals are avaible in our group
[4].

The rotation-angular functions Tλ occuring in Eq. (11) are determined by

T λ
lm, l ′m′ (θ, ϕ) =

l+l ′∑
L=|l−l ′|

T λL
lm, l ′m′YL M (θ, ϕ) . (12)

Here, M = −m + m′ and

T λL
lm, l ′m′ =

{
DλL

lm, l ′m′ for complex SH

dλL
lm, l ′m′ for real SH

, (13)

where

DλL
lm, l ′m′ = 2

1 + δλ0
Cll ′L

−mm′ M Cll ′L−λλ0

(
4π

2L + 1

)1/2

(14)

dλL
lm, l ′m′ = (i)δm,−|m| (−i)δm′,−|m′|

2 [(1 + δm0) (1 + δm′0)]
1/2

(
DλL

l|m|, l ′|m′| + εm DλL
l−|m|, l ′|m′|

+εm′ DλL
l|m|, l ′−|m′| + εmεm′ DλL

l−|m|, l ′−|m′|
)

. (15)

Thus, we have established the new combined relations for the rotational transforma-
tion functions of two-center overlap integrals over arbitrary AO in terms of spherical
harmonics. The formulae obtained in this study are of a completely general type and
can be utilized to calculate in molecular coordinate system any overlap integral for
the arbitrary values of quantum numbers, screening constants and location of arbitrary
atomic orbitals, and internuclear distances.
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